Abstract. A continuum X is called solenoidal if it is circle-like and nonplanar. X is 1 n -homogeneous if the action of its homeomorphism group Homeo(X) on X has exactly n orbits; i.e. there are exactly n types of points in X. Recently Jiménez-Hernández, Minc and PellicerCovarrubias [Topology and its Applications, 160 (2013) 930-936] constructed a family of 1 n -homogeneous solenoidal continua, for every n > 2. Modifying the spaces obtained by them, as well as an earlier construction of the author for n = 2, for every n > 2 we construct two different uncountable families of arcless 1 n -homogeneous solenoidal continua Σn and Σ n . We also show that there is an uncountable family of countably nonhomogeneous solenoidal continua Σ∞; i.e. each Y ∈ Σ∞ has (infinitely) countably many types of points. For every Y ∈ n∈N Σn ∪ Σ∞ any orbit of Homeo(Y ) is uncountable. With respect to the degree of homogeneity, in the realm of solenoidal continua containing pseudoarcs, our examples complete the gap between homogeneous solenoids of pseudoarcs and uncountably nonhomogeneous pseudosolenoids. A number of questions related to the study is raised.
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Introduction
A continuum is a compact and connected metric space that contains at least two points. A continuum is arcless if it contains no arcs. A continuum X is called solenoidal if it is circle-like and nonplanar. It is well known that all solenoidal continua are indecomposable (see [17] , Theorem 2 & 3) . For a continuum Y by Homeo(Y ) we shall denote its homeomorphism group. We say that Y is 1 n -homogeneous if the action of Homeo(Y ) on Y has exactly n orbits. If the number of such orbits is countable (resp. uncountable), we say that Y is countably (resp. uncountably) nonhomogeneous. Recently there has been an increased interest in the degree of homogeneity of continua and its relation to other topological properties (see e.g. [3] , [6] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [20] ). One of such properties, whose connection to the degree of homogeneity is still not well understood, is indecomposability in dimension one. In fact still only a very limited number of examples of 1 n -homogeneous indecomposable one-dimensional continua can be found in the literature. Answering a question raised in [13] the author constructed in [4] a 1 2 -homogeneous solenoidal continuum. A topologically equivalent example was independently obtained in [16] by P. Pyrih and B. Vejnar. In [6] R. Jiménez-Hernández, P. Minc and P. PellicerCovarrubias constructed a family of 1 n -homogeneous solenoidal continua for every n > 2. Their spaces were obtained as the inverse limit of circlelike planar continua, each of which consisted of various modifications of the sin(1/x)-continuum. Consequently the solenoidal spaces constructed by them, each have the property that any of its proper subcontinua contains an arc. In the present paper we shall construct two new distinct uncountable families of 1 n -homogeneous arcless solenoidal continua for every n > 2. The first of them is easily obtained by the following result of W. Lewis [8] , application of which, for a fixed space S n constructed in [6] , gives a new spaceS n that could be called "S n of pseudoarcs". A detailed description is given in Section 4. Theorem A.(Lewis) For every 1-dimensional continuum M there exists a 1-dimensional continuumM that has a continuous decomposition into pseudoarcs such that the decomposition space is homeomorphic to M. Furthermore, every homeomorphism of M onto itself can be lifted to a homeomorphism ofM , with a free motion within the decomposition elements.
The second family is based on a solenoid of pseudoarcs with sequences of pseudoarcs pinched to sequences of points. Any proper subcontinuum of any element in the family is either a pseudoarc, an arc of pseudoarcs or the latter with some of the pseudoarcs pinched to points. Our construction is a modification of the 1 2 -homogeneous example given by the author in [4] . Let us outline the major steps of this construction, starting with a summary of the case n = 2 from [4] .
• Let X be the circle of pseudoarcs with a continuous decomposition {P x : x ∈ S 1 }.
• Fix c ∈ S 1 and pinch the pseudoarc P c to a point to obtain a (decomposable) 1 2 -homogeneous circle-like planar continuum X 1 . • For every m there is a 1 2 -homogeneous circle-like planar continuum X m that 2 m−1 -fold covers X 1 by τ m : X m+1 → X m .
• The inverse limit S X = lim ← {X m , τ m : m ∈ N} is an indecomposable 1 2 -homogeneous circle-like continuum. A useful property of X 1 is that one of the two orbits of Homeo(X 1 ) consists of a single point that locally separates X 1 . The idea behind our construction of a 1 n -homogeneous solenoidal continuum is to modify X 1 in such a way so that the kth Cantor-Bendixson derivative of the set L of points that locally separate X 1 and are isolated in L is nonempty, if and only if k ≤ n − 2. This is obtained by induction, starting with a 1 3 -homogeneous circlelike planar continuum obtained from X 1 by introducing a sequence of local separating points convergent to a local separating point. Following the earlier approach of the author it will be convenient to carry out the entire construction in terms of covering spaces, as well as one-point and two-point compactifications of the universal covers. The advantage of this approach is that one can then use lifting properties of annulus maps and this way easily describe the desired elements of Homeo(X). The detailed description of the entire construction can be found in Section 3.
Preliminaries
Suppose X and Y are two topological spaces. We shall write X ∼ = Y to denote the fact that X and Y are homeomorphic. Given a sequence of continua {X i : i ∈ N} and bonding maps {f i : X i+1 → X i |i ∈ N} their inverse limit space is given by
The topology of lim ← − {X i , f i : i ∈ N} is induced from the product topology of the Cartesian product X 1 × X 2 × X 3 . . ., with the basic open sets given by
where U is an open subset of the ith factor space X i , and i ranges over N.
we shall denote the natural projection induced from the coordinate projection on the Cartesian product. A continuum X is circle-like (resp. chainable or arc-like) if it can be expressed as the inverse limit of circles (resp. arcs) with continuous bonding maps. X is indecomposable if it cannot be expressed as the union of two proper subcontinua. Let X be a circle-like plane separating continuum (refer to Figure 1 ). We may assume that X is embedded essentially into the annulus A = {(r, θ) : 1 ≤ r ≤ 2, 0 ≤ θ < 2π}; i.e. X separates the two boundary components of A. By (Ã, τ ) we will denote the universal cover of A; i.e. A = [1, 2] × R and τ (r, θ) = (r, θ mod 2π). The connected space τ −1 (X) will be called a universal cover of X. A deck transformation is a mapping σ :Ã →Ã that commutes with the identity map on A; i.e. τ = τ • σ.
Note that if σ is a deck transformation then σ(r, θ) = (r, θ + 2kπ) for some integer k. Given a map f : A → A a lift of f is a mapf :Ã →Ã such that f •τ = τ •f . Consider a two-point compactification ofÃ by the points a and b. The following lemma can be deduced from [1] , where it was shown that the two-point compactification of the universal cover of the pseudocircle is the pseudoarc. Lemma 2.1. The two-point compactification τ −1 (X) ∪ {a, b} of the universal cover of X is a chainable continuum. The one-point compactification τ −1 (X) ∪ {a} of the universal cover of X is a circle-like continuum.
Proof. Let τ −1 (X) ∪ {a, b} be the two-point compactification of τ −1 (X). Since we can assume that, for every > 0, X can be covered by a circular chain of -disks (see [2] , Theorem 4), chainability of τ −1 (X) ∪ {a, b} follows from [1] , p.1147, proof of Step 4. Identifying the two endpoints (i.e. setting a = b) we obtain a circle-like continuum.
Examples based on pinching pseudoarcs
In this section we will show how to construct a 1 n -homogeneous arcless solenoidal continuum for every n > 2. The idea is to modify the construction in [4] , where the starting point was a circle of pseudoarcs X 2 , with one pseudoarc pinched to a point x o . The point x o was a unique local separating point. X 2 was used as the first factor space of the inverse limit system. Any other factor space X 2 i had a finite number of local separating points {x i : i = 1, . . . , p}. We shall present a method that raises the degree of homogeneity by one. First, we will apply this method to obtain a Proof. Let X 2 be a circle of pseudoarcs with one of them pinched to a point x o , as used in [4] . Let X 3 = τ −1 (X 2 )∪{a} be the universal covering space of X 2 compactified by a point a. X 3 is circle-like by Lemma 2.1. It is arcless, as τ is a local homeomorphism.
is the set of all local separating points in X 3 \ {a}, as τ is a local homeomorphism. In addition, ifx,x ∈ τ −1 (x o ) =x then there is a deck transformation σ : X 3 \ {a} → X 3 \ {a} such that σ(x) = x + (0, 2kπ) for an integer k. Since one can extend σ to X 3 by setting σ(a) = a, this shows that τ −1 (x o ) is contained in an orbit O 1 of Homeo(X 3 ). Moreover O 1 is contained in the set of local separating points of X 3 . Note that a cannot be mapped onto a point of O 1 by a homeomorphism of X 3 since it is a limit point of O 1 , and no other point in O 1 (or even in X 3 ) has this property. This shows that O 1 = τ −1 (x o ) and O 2 = {a} are two orbits of Homeo(X 3 ). Finally, supposex,x ∈ X 3 \ {a} are such that τ (x) = x o and τ (x ) = x o . If τ (x) = τ (x ) then an appropriate deck transformation σ can be found again so that σ (x) =x . Otherwise set τ (x) = x and τ (x ) = x . Since x and x are in the same orbit of X 2 (equal to X 2 \ {x o }) there is a homeomorphism h : X 2 → X 2 such that h(x) = x . This homeomorphism uniquely lifts to a homeomorphismh : X 3 \ {a} → X 3 \ {a} such that h(x) =x and can be extended to X 3 by settingh(a) = a. Consequently the third orbit is O 3 = τ −1 (X 2 \ {x o }).
Before we proceed we need to prove an auxiliary lemma, motivated by the fact that each point in a Vietoris solenoid has a "matchbox" neighborhood; i.e. a closed neighborhood homeomorphic to the Cartesian product of an arc C with a Cantor set K. We shall show that the solenoidal spaces considered in the present paper exhibit a similar property, with the exception that the continuum C is no longer an arc, but an arc-like subcontinuum of the first factor space in the defining inverse system. The proof is similar to the proof of Lemma 2.3 in [5] .
Lemma 3.2. Suppose X i is a circle-like continuum, and τ i : X i+1 → X i is a finite-sheeted covering map, for every i ∈ N. Let X = lim ← {X i , τ i : i ∈ N} and x ∈ X. For every proper subcontinuum C ⊂ X 1 such that π 1 (x) ∈ int(C) there is a closed neighborhood F of x, and a Cantor set K such that F ∼ = C × K. In addition, there is a homeomorphism h : F → C × K such that h(x) = (π 1 (x), t) for some t ∈ K.
Proof. Let x ∈ X and set x 1 = π 1 (x). Note that
It is totally disconnected, as π i (K) is a finite set, for every i. Finally, K contains no isolated points, as for any (z 1 , z 2 , . . .) ∈ K and δ > 0 one can find a (y 1 , y 2 , . . .) ∈ K \{(z 1 , z 2 , . . .)} in its δ-neighborhood, by assuring that q 2 , q 3 , . . .), determines uniquely a sequence {C i : i > 0} of homeomorphic copies of C, with q i ∈ C i and such that C i is a component of (τ 1 • . . . • τ i ) −1 (C). Since τ i |C i+1 → C i is a homeomorphism we get that the set C 1 × C 2 × C 3 . . . is homeomorphic to C and contained in X. It is easy to see that one can define a homeomorphism h : F → C × K by setting h(w) = (π 1 (w), q), where q ∈ K is such that for each i, π i (q) and π i (w) are in the same component of (τ 1 • . . . Proof. One can embed X 3 into an annulus A, so that it separates the two components of the boundary. Let τ : A → A be a 2-fold covering map. Since τ is a local homeomorphism the circle-like continuum X 3 i = τ −i (X 3 ) is 1 3 -homogeneous for every i > 0. Now it is enough to consider the inverse limit X = lim ← {X 3 i , τ i : i ∈ N}, with τ i = τ . By the same arguments as in the proof of Theorem 3.1 in [4] , one can easily see that X is solenoidal and 1 n -homogeneous with n ≤ 3. To see that n = 3 let x 1 , y 1 ∈ X 3 be two points that are in two distinct orbits of Homeo(X 3 ). To fix our attention, suppose x 1 is a point that locally separates X 3 , and y 1 is not a locally separating point (other cases can be handled analogously). It is enough to show that there does not exist an h ∈ Homeo(X) with h(x) = y, for any x, y ∈ X such that π 1 (x) = x 1 and π 1 (y) = y 1 . Fix x, y ∈ X such that π 1 (x) = x 1 and π 1 (y) = y 1 , and suppose there is an h ∈ Homeo(X) with h(x) = y. By Lemma 3.2 there is an F ⊆ X, a closed neighborhood of x, such that F ∼ = C × K, where K is a Cantor set and C is a proper subcontinuum of X 3 , such that x 1 locally separates C. Let C o = C × {t} be the component of F such that x ∈ C o . From the proof of Lemma 3.2 it can be easily seen that x locally separates C o if and only if x 1 locally separates C. It follows that y locally separates h(C o ). Since h(C o ) is homeomorphic to a proper subcontinuum of X 3 this leads to a contradiction, as y 1 is not a locally separating point. Similar contradiction can be obtained for any x 1 and y 1 that are in two distinct orbits of Homeo(X 1 ). This shows that if O 1 , O 2 and O 3 are the three orbits of X 3 then π Since instead of τ as the sole bonding map we can take any other n-fold covering map of A, in view of the topological invariance of theČech cohomology groups, we obtain uncountably many topologically nonequivalent spaces.
It should be clear now how one can proceed by induction. A planar 1 n+1 -homogeneous circle-like continuum X n+1 is obtained by a one-point compactification of the universal cover of a planar 1 n -homogeneous circlelike continuum X n and then it is used as the first factor space of an inverse system. Theorem 3.4. For every n ∈ N there is an uncountable family of 1 nhomogeneous arcless solenoidal continua.
Next, we are going to construct a countably nonhomogeneous arcless solenoidal space Y ∞ . As before, the starting point of the construction will be a planar circle-like continuum X ∞ with the same degree of homogeneity as Y ∞ . In order to construct X ∞ we take the one-point compactification of the union of a countable family of chainable continua C n (with n > 2), where C n is 1 n -homogeneous. Proof. Let C 2 be an arc of pseudoarcs with the two end pseudoarcs pinched to points c 2 and d 2 . C 2 is chainable by Lemma 2.1 and -homogeneous. Now we proceed by induction to obtain C n+1 from C n , for every n. This proves Claim 3.5.1.
Consider the union C = n>1 C n . Let C ∞ be the chainable continuum obtained by the identification c i+1 = d i in C, for every i > 1, and compactification of C by a point c ∞ . Now identify c ∞ with c 2 to obtain a circle-like continuum X ∞ . Claim 3.5.2. X ∞ is countably nonhomogeneous.
Proof. Let L be the set of points that locally separate X ∞ and are isolated in L. Let L (k) be the kth Cantor-Bendixson derivative of the set L. Note
∈ L (j) for any j > k and h ∈ Homeo(C). This shows that Homeo(X ∞ ) has infinitely many orbits. In addition, if x, y ∈ L (k) ∩ C n for some n and k then it follows from the construction of the continuum C n that there is a homeomorphism h ∈ Homeo(C n ) such that h(x) = y, h(c n ) = c n and h(d n ) = d n . This homeomorphism extends to X ∞ by setting h(t) = t for every t / ∈ C n . Similarly
. Consequently C n is contained in finitely many orbits of Homeo(C ∞ ). It is also easy to see that c ∞ is a fixed point of Homeo(C ∞ ), as it is the only point whose arbitrarily small neighborhoods contain points from L (k) for every k.
By the way of contradiction suppose Homeo(C ∞ ) has uncountably many orbits. Then uncountably many of them must intersect some C n in a nonempty set. But this contradicts the fact that C n is contained in finitely many orbits of Homeo(C ∞ ) and completes the proof of Claim 3.5.2. Now the proof of Theorem 3.5 is completed by arguments similar to those in Theorem 3.3 by setting Y ∞ = lim ← {τ −i (X ∞ ), τ : i ∈ N}, where τ is a 2-fold covering map. Corollary 3.6. There is an uncountable family of countably nonhomogeneous arcless solenoidal continua.
Examples based on Lewis' decomposition theorem
In this section we present yet another family of solenoidal 1 n -homogeneous spaces. Our example is based on the family {Σ n : n > 2} presented by Jiménez-Hernández, Minc and Pellicer-Covarubias in [6] . For each 1 nhomogeneous solenoidal space Σ n we prove that Theorem A by Lewis gives a "Σ n of pseudoarcs" that is 1 n -homogeneous and solenoidal. Any "Σ n of pseudoarcs" contains no arc, which distinguishes it from Σ n . Since no "Σ n of pseudoarcs" contains a subcontinuum with a local separating point, every such space cannot be equivalent to any space obtained in the previous section.
Lemma 4.1. Assume that X is a 1-dimensional continuum that contains no nondegenerate hereditarily indecomposable subcontinua and fix n > 1. If X is 1 n -homogeneous thenX (i.e. X of pseudoarcs, as constructed in [8] ) is 1 n -homogeneous. Proof. Let D = {P x : x ∈ X} be the collection of pseudoarcs that provide the continuous decomposition ofX and let φ :X → X be the corresponding quotient map.
Claim 4.1.1. P x is a maximal pseudoarc inX for each x ∈ X (i.e. no pseudoarc inX contains P x properly).
Proof. (of Claim 4.1.1) Let K be a subcontinuum ofX that properly contains P x . According to the construction ofX in [8] each P y is terminal. Using this and the fact that φ is monotone, one can show that
for some nondegenerate subcontinuum L of X. Since L contains a decomposable subcontinuum Y , then K contains the decomposable subcontinuum φ −1 (Y ) and Claim 4.1.1 is proved.
By Theorem A (Lewis) one can easily see thatX has at most n orbits, as for any h ∈ Homeo(X) there is anĥ ∈ Homeo(X) such that φ •ĥ = h • φ, and givenx,ŷ ∈ P z , for some z ∈ X, there is anĥ ∈ Homeo(X) such that φ •ĥ = φ andĥ(x) =ŷ. Therefore ifx ∈ φ −1 (x) andŷ ∈ φ −1 (y) for x, y ∈ X such that h(x) = y, for some h ∈ Homeo(X), then there is an h ∈ Homeo(X) such thatĥ(x) =ŷ.
The fact thatX has at least n orbits follows from the next argument. Fixĥ ∈ Homeo(X). Claim 4.1.1 and the terminality of the elements of D imply thatĥ induces a bijection on the elements of D, i.e. there exists a bijection g : X → X such thatĥ(P x ) = P g(x) for each x and φ •ĥ = g • φ.
It remains to prove that g ∈ Homeo(X). Because X is compact, it is enough to show that g is continuous. Let E ⊆ X be a closed set. Note that (φ •ĥ) −1 (E) is closed, as φ •ĥ is continuous. SinceX is compact, so is (φ •ĥ) −1 (E). Again, from the fact that φ is continuous, we deduce that φ((φ •ĥ) −1 (E)) = g −1 (E) is compact and consequently closed, which shows that g is continuous and in turn that g ∈ Homeo(X). To complete the proof fixx,ŷ ∈X such that φ(x) and φ(ŷ) are not in the same orbit of Homeo(X) (so in particular φ(x) = φ(y)), and note that there does not exist a homeomorphismĥ ∈ Homeo(X) withĥ(x) =ŷ. Theorem 4.2. For every n > 2 there is an uncountable familyΣ n of 1 nhomogeneous arcless solenoidal continua, such that eachX ∈Σ n admits a continuous decomposition into pseudoarcs, with the decomposition space homeomorphic to a 1 n -homogeneous solenoidal continuum X that contains no pseudoarcs.
Proof. Fix n > 2 and let X be a 1 n -homogeneous solenoidal continuum constructed in [6] . Now apply Lemma 4.1.
Remarks
Recently Gary Gruenhage, George Kozlowski and the author considered degree of homogeneity of nonmetric circle-like continua, and showed that for every cardinal number κ > 0 there is an uncountable family of nonmetric, circle-like, indecomposable and 1 κ -homogeneous continua [5] . However, there still seem to be an abundance of questions on 1 n -homogeneity of metric continua in dimension 1 that would be worth exploring. In what follows we only list a few of such questions, that appeared interesting to the author upon completion of the paper.
Let Y n be any 1 n -homogeneous solenoidal continuum given in Section 3. It should be clear that our inverse limit approach shows that each orbit of Homeo(Y n ) is uncountable, as every such an orbit contains the set K = π −1 1 (x 1 ), for some x 1 in the first factor space, and K is homeomorphic to a Cantor set (see proof of Lemma 3.2). Also, it was showed in [4] Theorem 3.4 that for a 1 2 -homogeneous indecomposable continuum X every orbit of Homeo(X) is uncountable. By similar arguments one could argue that for a 1 n -homogeneous continuum X at least two orbits of Homeo(X) must be uncountable. This motivates the following question. Question 1. If X is an indecomposable 1 n -homogeneous continuum how many orbits of Homeo(X) must be uncountable? For what n must all orbits be uncountable?
Note that if G is an acyclic graph and O is an orbit of Homeo(G) that contains an end point then O is finite, so the above question seems only interesting for indecomposable continua. Exploring further the connection between indecomposability and degree of homogeneity, it would also be interesting to know how nonhomogeneous a hereditarily indecomposable continuum can be. On one hand side there is the homogeneous pseudoarc. On the other hand no plane separating hereditarily indecomposable continua are homogeneous [18] , and the pseudocircle [7] , as well as all hereditarily indecomposable continua of dimension greater than 1 are uncountably nonhomogeneous [19] 1 . Question 2. Suppose X is a hereditarily indecomposable continuum. Must Homeo(X) have one or infinitely many orbits?
Finally, the following question seems interesting to the present author in view of the existing results concerning homogeneity degree of curves of pseudoarcs.
Question 3. For n > 1, if X is a 1 n -homogeneous 1-dimensional continuum, mustX (that is X of pseudoarcs obtained from [8] ) be 1 n -homogeneous? Other recent questions on 1 n -homogeneity can be found in [6] .
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